It has been known for some time that the spectrum of light may change on propagation, even in free space. The theory of this phenomenon was developed within the framework of scalar theory. We generalize it to electromagnetic beams, generated by planar, secondary, stochastic sources. We also derive an electromagnetic analog of the so-called scaling law. When this law is satisfied the normalized spectrum of the beam is the same throughout the far zone and across the source.
Since the discovery in 1986 that the spectrum of light generated by partially coherent sources may change on propagation, even in free space, 1 numerous papers concerning both the theory and experiments dealing with this phenomenon have been published. 2 Only under special circumstances will the normalized spectrum of the far zone be equal to the normalized source spectrum. This is the situation when the source is quasi-homogeneous and the degree of coherence of the source satisfies the so-called scaling law. It turns out that the usual thermal laboratory sources, such as Lambertian sources, obey this law.
Up to now all theoretical treatments of this phenomenon have been based on the scalar theory. In the present paper we discuss correlation-induced spectral changes within the framework of the theory of stochastic electromagnetic beams. We first derive an expression for changes in the far-zone spectrum of a stochastic electromagnetic beam and illustrate it by examples. We then derive an electromagnetic version of the so-called scaling law. When the source satisfies this law, the normalized far-zone spectrum is the same as the source spectrum.
Consider a planar, secondary, stochastic electromagnetic source located in the plane z = 0, which radiates into the half-space z Ͼ 0. We assume that the source occupies a finite domain D and generates a beam, 3 and we characterize its behavior at a pair of points in the source plane specified by position vectors 1 = ͑x 1 , y 1 ͒ and 2 = ͑x 2 , y 2 ͒ by the 2 ϫ 2 crossspectral density matrix 4
͑1͒
Here E x and E y are the frequency components of two mutually orthogonal components of the electric field in the source plane, and the asterisk denotes the complex conjugate. Suppose that the electromagnetic source is quasi-homogeneous, 5 occupying a finite domain D. The diagonal elements of the cross-spectral density matrix are then of the form
where S x ͑0͒ ͑ 1 , ͒ and S y ͑0͒ ͑ 1 , ͒ are the spectral densities of the electric field components E x and E y and ii ͑0͒ ͑ 2 − 1 , ͒ represent the correlation coefficients
For such a source the spectral densities S i ͑0͒ ͑ , ͒ are "slow" functions of , while the correlation coefficients ii ͑0͒ ͑Ј , ͒ are "fast" functions of their spatial arguments Ј. For the sake of simplicity we assume that the spectral densities are the same at each source point, i.e., that S i ͑0͒ ͑ , ͒ϵS i ͑0͒ ͑͒. The spectral density of the field in the source plane is given by the expression
and the normalized source spectrum is given by the formula
The spectral degree of coherence is given by the
where Tr denotes the trace. We see from Eq. (2) that, in the present case,
The spectral density S ͑ϱ͒ ͑rs , ͒ of the far field, at distance r in a direction specified by a unit vector s, was shown to be given by the formula [Eq.
͑8͒
Here is the angle between the z axis and the s direction, s Ќ being a projection of the unit vector s, considered a two-dimensional vector, onto the source plane z = 0 and k = / c, where c is the speed of light in vacuum. The tilde denotes the two-dimensional spatial Fourier transforms, defined, for any function g͑ , ͒, as
the integration extending formally over the whole source plane. For a source for which the two spectral densities S i ͑0͒ ͑ , ͒ ͑i = x , y͒ are independent of position, i.e., such that S i ͑0͒ ͑ , ͒ϵS i ͑0͒ ͑͒ as we will now assume, formula (8) reduces to S ͑ϱ͒ ͑rs,͒ = ͑2k͒ 2 A cos 2 S ͑0͒ ͑͒ ͑0͒ ͑ks Ќ ,͒/r 2 ,
͑10͒
where A denotes the source area.
The normalized spectral density in the far zone is given by the formula S N ͑ϱ͒ ͑rs,͒ = S ͑ϱ͒ ͑rs,͒ Ͳ͵ S ͑ϱ͒ ͑rs,͒d. ͑11͒
On substituting from Eq. (8) into Eq. (11) and using Eq. (4) for the spectral density S ͑0͒ ͑͒ of the field in the source plane, we obtain for the normalized spectral density S N ͑ϱ͒ ͑rs , ͒ of the far field the expression S N ͑ϱ͒ ͑rs,͒
͑12͒
On comparing Eq. (12) with Eq. (4), it is evident that the normalized far-zone spectrum differs, in general, from the normalized source spectrum, and that the normalized spectrum of the far field generated by a quasi-homogeneous electromagnetic source depends not only on the spectral densities S x ͑0͒ ͑͒ and S y ͑0͒ ͑͒ of the field components in the source plane but also on the direction s. It also depends on the correlation coefficients xx ͑0͒ and yy ͑0͒ and, hence, on the state of coherence of the field in the source plane.
As an example of spectral changes on propagation, suppose that the spectra S x ͑0͒ ͑ , ͒ and S y ͑0͒ ͑ , ͒ of the electric field components in the source plane are the same and are given by a Gaussian distribution, i.e., that
where B, , and 2 are independent of position. Suppose that the correlation coefficients also have Gaussian form with respect to their spatial arguments, i.e., that
ii
͑14͒
The Fourier transform of this expression is
An expression for the normalized spectral density of the far field can now be readily obtained on substituting from Eqs. (13) and (15) into Eq. (12), and one then finds that
where
In special cases the normalized far-zone spectrum may be the same throughout the far zone, i.e., it will be independent of the direction s. We will now consider this case. As is seen from Eq. (12), a sufficiency condition for this to be so is that the Fourier trans- where
is the inverse Fourier transform of H ii ͑s Ќ , ͒. Next we will derive an additional condition that will ensure that the far field has the same normalized spectral density of the field across the source. Since ͉ ii ͑0͒ ͑0,͉͒ ϵ 1, we see from Eq. (21) that
On substituting from Eq. (23) into Eq. (21) we find that ii ͑0͒ ͑Ј,͒ = H͑kЈ͒/H͑0͒, ͑24͒
i.e., the correlation coefficients are functions of the variable kЈ only. This is the analog for electromagnetic sources of the scaling law of the scalar theory. If Eq. (24) holds, Eq. (12) reduces to S N ͑ϱ͒ ͑rs,͒ = S ͑0͒ ͑͒ Ͳ͵ S ͑0͒ ͑͒d ϵ S N ͑0͒ ͑rs,͒.
͑25͒
Thus, we have shown that a sufficiency condition for the normalized spectral density (11) of the far field to be the same throughout the far zone is that the correlation coefficients are of the form of Eq. (24), i.e., they satisfy the "electromagnetic" scaling law. Moreover, since Eq. (24) holds, the normalized far-zone spectrum will then be, in this case, the same as the normalized source spectrum. These results are analogous to those derived for scalar fields. 1 
